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Effect of Environment on the Elastic Response
of Layered Composite Plates

J. M. WHITNEY*
Air Force Materials Laboratory, W right-Patter son Air Force Base, Ohio

AND
J. E. ASHTONf

General Dynamics Corporation, Fort Worth, Texas

A generalized Duhamel-Neumann form of Hooke's law is used to develop laminated plate
equations which include the effect of expansional strains. Such strains are induced in com-
posite materials by temperature, absorption by a polymeric matrix material of a swelling
agent such as water vapor, and by sudden expansion of absorbed gases in the matrix. Solu-
tions to specific boundary value problems are presented for both symmetric and nonsymmetric
laminates. Numerical results indicate that in addition to inducing residual stresses, expan-
sional strains can substantially affect the gross response characteristics of a composite ma-
terial.

Introduction

HIGH-PERFORMANCE composite materials have re-
ceived increasing consideration for structural applica-

tions because of their low density, high strength, and high
stiffness. Their superior strength and stiffness properties,
however, are often compromised by the environment to which
they are exposed. A general discussion of the affect of en-
vironment on the structural behavior of composite materials
has been presented by Halpin.1 Among the environmental
factors, those which induce expansional strains (volume
change in the absence of surface tractions) are of particular
concern. In the case of advanced composite structures, such
phenomena are primarily caused by an increase in tempera-
ture, absorption by a polymeric matrix material of a swelling
agent such as water vapor, and by sudden expansion of ab-
sorbed gases in the matrix. In addition to inducing residual
stresses, expansional strains can effect the gross response char-
acteristics of a composite structure. In particular, bending
deflections, buckling loads, and vibration frequencies can be
considerably modified by the presence of environmentally in-
duced strains. Thus, if composite materials are to reach their
full potential, it will be necessary to consider such environ-
mental factors as temperature and humidity in structural
analysis and design.

Although thermal effects have been included in the formula-
tion of anisotropic laminated plate theory,2-3 solutions to spe-
cific boundary value problems have been limited to the bending
of an infinite strip. Furthermore, current lamination theory
does not provide for the general case of expansional strains.
Halpin and Pagano4 presented a generalized Duhamel-Neu-
mann form of Hooke's law applicable to a wide variety of en-
vironmental problems. This approach was used in conjunc-
tion with concepts of physical chemistry, micromechanics,
and laminated plate theory to predict the swelling strains in a

Received March 29, 1971; presented as Paper 71-352 at the
AIAA/ASME 12th Structures, Structural Dynamics and Ma-
terials Conference, Anaheim, Calif., April 19-21, 1971; revision
received May 26, 1971. The authors wish to acknowledge M.
Younger of the Aeronautical Systems Division, Wright-Patterson
Air Force Base for her assistance in the computer programming.

* Materials Research Engineer, Nonmetallic Materials Divi-
sion. Member AIAA.
| Project Structures Engineer, Convair Aerospace Division.
Index Category: Structural Composite Materials (Including

Coatings); Thermal Stresses.

layered composite of symmetric construction. Analytical re-
sults were experimentally verified.

It is the purpose of the present paper to extend the work of
Halpin and Pagano4 to the general case of laminated plates
and to present solutions to specific boundary value problems.
Analytical results are used to show the effect of expansional
strains on the bending, buckling, and vibrations of current
high-performance composite laminates.

Governing Equations

Consider a thin plate of constant thickness h composed of
layers of anisotropic materials bonded together. The plate is
referred to a standard cartesian coordinate system located in
the midplane (x-y) with the Z-axis normal to this plane. The
material in each layer is assumed to have a plane of elastic
symmetry parallel to x-y.

In contracted notation the generalized Duhamel-Neumann
form of Hooke's law for plane stress is4

(M = 1,2,6) (1)

where the stresses are denoted by cri = <rx, <72 = crv, tre = ffty,
and the engineering strains et- are defined in an analogous man-
ner. Analogous expansional strains are denoted by e,-, i.e.,

fi = ei(thermal) + ii(swelling) + . . .

The inverted form of Eq. (1) is

a,- = Qti(et - ey) (i,j = 1,2,6

(2)

(3)

where Qa are elements of the anisotropic reduced stiffness
matrix for plane stress.

As a consequence of the Kirchhoff-Love hypothesis3'5'6

(i = 1,2,6,) (4)

where t denotes time, e;° are the midplane strains, and m
are the plate curvatures. Plate force and moment resultants
are defined in the usual manner, i.e.,

(Ni,Mt) = fh/* <rt(l,z)dz (i = 1,2,6)
J — h/2

(5)

where Ni and Mi are force and moment resultants, respec-
tively. Substitution of Eq. (3) into Eq. (5) and taking Eq. (4)
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into account, leads to the plate constitutive relations

Ni = Aijef + BiM - Ni
(i = 1,2,6) (6)

Mi = £,-yey° + DijKj - Mi

where

It should be noted that for the general case li = li(x,y,z,t,T),
where T is temperature, and is determined from principles of
heat transfer in the case of thermal expansion and from con-
sideration of physical chemistry concepts in the case of swell-
ing. It is interesting to note that a necessary condition for
the existence of an exact solution to the three-dimensional
thermoelastic field equations which satisfies the plane-stress
hypothesis for an isotropic material is that the temperature
distribution satisfy the equation7

The derivation of an analogous expression for anisotropic
materials is not, however, straightforward and as result would
make an interesting subject for a separate study.

From laminated plate theory3-5

[6°] = (8)

where u° and v° are midplane displacements in the x and y di-
rection, respectively, w is the transverse deflection, and a
comma denotes partial differentiation. Equation (6) in con-
junction with Eq. (8) and the equations of motion of laminated
plate theory3 (with rotary inertia neglected and initial in-
plane force effects included) leads to the following displace-
ment equations:

— Lbw,y —
Nx>x - Nxy>y = Pu,tf

- Nxy,x - Ny,y = Pv,

x + 2MXy,xy + My

q + Nx
{w,xx + Z xy +

(9b)

(9c)

where P is the integral of mass density through the plate thick-
ness, q is a distributed pressure over the surface of the plate,
NX*, Ny,* and N ' xy

i are prebuckling stress resultants, and the
operators Li are defined as follows :

= An( ),** + ^6e( ) ,„„

= Au( ),xx + (An + A A26(

L4 = Bn( ),xx

Z/5 = 3Bie( ) ,a?a:

Z/6 = 5ie( ) , xx

L, - (B12 + £66)

L8 = Z>u( ),«

It should be noted that Eqs. (9) are essentially the linear
equations of Ref. 3 with expansional resultants Ni and Mi re-
placing the thermal resultants NiT and MiT. Thus, the con-
cept of expansional strain can be easily fit into the framework

of laminated plate theory by generalizing the definitions of
thermal force and moment resultants.

Analysis of Symmetric Laminates

For laminates having elastic properties which are symmetric
with respect to the midplane, all elements of the BH coupling
stiffness matrix vanish, causing the in-plane problem to be-
come uncoupled from the bending problem. In the case of
uniform expansional strains within each layer, constant values
of Ni are obtained from the solution of the in-plane problem.
Thus for the purpose of illustrating the effects of expansional
strains on the behavior of laminated composites, consideration
is limited to a uniform temperature increase in the case of
thermal strains and to long time steady-state environmental
exposure in the case of swelling.

With the Bij elements all zero, the analysis of symmetrical
laminated plates is reduced to the analysis of an anisotropic
plate with uniform in-plane loads NX) N y) and N xy (these in-
plane loads are of course proportional to the dilatational
strain). Stability, vibration, and bending behavior of such a
plate may be conveniently analyzed using an energy formula-
tion in conjunction with the Ritz method. The development
of this approach presented below is essentially that given in
Ref. 8.

The appropriate energy conditions for the problems at hand
are9

V + U + Q = stationary value (10)

for bending or stability problems, or

V+U + Q-T = stationary value (11)

for vibration, where V = potential energy or strain energ}^ of
bending the plate; U = potential energy of the inplane loads
moving through the bending deflections; Q = potential en-
ergy of the transverse loading; T = kinetic energy.

For a symmetric laminated plate with constitutive equa-
tions governing bending of

Mi - DM
with uniform transverse load q, expansional-strain-induced
in-plane loads Nx, N y ) and Nxy, and density p, the necessary
energy expressions can be written9

V =

U =

2D1ZW,X

4:D&&(w,xy)*}d Area

2Nxyw,xw,y}d Area

Q = //Area qw d Area

T = rfph //Area w2 d Area

where for vibration only free harmonic vibration at frequency
co is considered.

Since the energy expressions are all given in terms of the
displacement w, the energy conditions (10) and (11) are of the
form

TT(W) = stationary value (12)
Furthermore, in the present paper, only rectangular plates

and hence rectangular integration regions will be considered,
so that it is convenient to apply the Ritz method to the energy
conditions (10) and (11). To do this, a series with undeter-
mined coefficients for the deflection w is introduced. In the
present case, the following form is selected:

M N
\y) (13)



1710 J. M. WHITNEY AND J. E. ASHTON AIAA JOURNAL

where Xm(x) and Yn(y) are the characteristic modes of free
vibration of beams with appropriate boundary conditions.
Introducing the series (13) into expressions (10) or (11), or
more generally Eq. (12), we reduce those variational condi-
tions to the following M-N conditions in the discrete variables

b7r(w)/damn = 0 (m = l...M:n = I...N) (14)

In the case of bending due to a uniform lateral load q, Eqs.
(14) reduce to a system of linear simultaneous equations for
the coefficients am n. Solution of this set of simultaneous equa-
tions gives the coefficients, and these coefficients together with
the functions Xm(x) and Yn(y) provide an equation for the
deflection as a function of x and y. In the case of a stability
or vibration analysis, the value of the in-plane loads or the
vibration frequency is sought such that the system of linear
simultaneous equations does not have a unique solution. The
lowest value of the in-plane loads that creates this condition is
the critical buckling load (in this case the critical buckling
strain), while those values of the vibration frequencies that
create this condition are the natural vibration frequencies.
Of course, the actual evaluation of the buckling load or vibra-
tion frequencies can be accomplished with any of the well-
known methods related to eigenvalue problems.

The manipulations involved in substituting Eq. (13) into
Eqs. (10) or (11), carrying out the differentiations indicated in
Eq. (14), and evaluating the necessary integrals that arise,
are somewhat tedious, but these operations have been orga-
nized such that the task is strictly mechanical, as described in
Ref. 8. By appropriate selection of the beam modes Xm(x)
and Yn(y), any edge of a rectangular plate can be considered
clamped, simply-supported, or free, again following Ref. 8.
Still further expansion on this approach, as well as examples of
the convergence for increasing M and Nt are given in Refs. 9
and 10.

Analysis of Unsymmetrical Angle-Ply Laminates

Unsymmetrical angle-ply laminates (lay-up containing plies
of constant thickness in which the principal elastic axis of
symmetry is alternately oriented at ±0 to the x axis of the
plate) are now considered. For such a laminate A^ = A^ =
DIG = Z>26 = 0, and B^ and B^ are the only nonvanishing ele-
ments of the coupling stiffness matrix 5»y. Again the discus-
sion is limited to a uniform temperature increase in the case of
thermal strains and to long time steady-state environmental
exposure in the case of swelling^ Thus, forjiniform expan-
sional strains_within_each layer Nx, Ny, and Mxy are constant
a,ndNxy = Mx = My = 0. If no external in-plane forces are
applied to the plate

0 (15)AT i — _ TV A/" » — — N AT »1\ X -LV X) ^» y —— 1\ y} 1\ Xy

and Eqs. (8) reduce to

Litt° + (Ai2-+ Aw)v,xv° - L5w,y = Pu,tt° (16)

- NyW,y

= Pv,tf -
LSW,XX + DnW,y

PW,tt = q - N

It should be noted that any expansional strain distribution
which is independent of x and y and an even function of z will
produce the preceding expansional resultants as well as the
ones discussed in the previous section on symmetric laminates.

For a rectangular plate of dimensions a, 6 subjected to static
loading, solutions to Eqs. (14) can be obtained in the form

u° = amm sin(m7rz/a) cos(mry/b)

v° = bmm Gos(mwx/a) sm(mry/b)

w = cmn sm(mirx/a) sm(niry/b)
(17)

Equations (17) satisfy the following simply-supported bound-
ary conditions:

at x = 0 and a:

at y = 0 and b:
UQ = Nxy = w = Mx = 0 (18)

v° = NXy = w = My = 0 (19)
It is obvious that expansion of the functions in Eqs. (17) into a
double Fourier series allows Eqs. (16) to be satisfied for any
transverse load q which can be represented in the form

M Ny YL-t L~i
. mwx . rnry /rt x

nn sin —— sin -=*- (20)

The coefficients amn, bmn, and cmn are determined by substitut-
ing Eq. (20) and the double series form of Eqs. (17) into Eqs.
(16) and solving the resulting simultaneous algebraic equa-
tions. Minimum values of Nx and Ny which cause the coeffi-
cient matrix to be singular obviously correspond to expansional
strains which induce laminate buckling.

Solutions for the free vibration of Unsymmetrical angle-ply
laminates subjected to the boundary conditions of Eqs. (18)
and (19) are of the form

UQ = [U(x,y)]e*«, v» = [V(x,y)]e*«
w = [W(x,y)]ei<at (21)

where U, V, and W are of the same form as Eqs. (17), respec-
tively. Substitution of Eq. (21) into Eqs. (16), with q = 0,
leads to a standard eigenvalue problem for the determination
of the frequency co. Buckling loads correspond to values of
Nx and Ny for which co vanishes.

Numerical Examples

The following three sets of fiber-matrix properties are
considered:

EfL/Em = 80, EfT/Em = 4,
GfL/Gm = 22, VfL = 0.2, Vn 0.35 (22a)

Ef/Em = 120, vf = 0.2, Vm = 0.35, Gf/Gm = 135 (22b)
Ef/Em = 25, vf = 0.2, vm = 0.35, G//Gm = 28 (22c)

where Ef, Gf, vf denote the Young's modulus, shear modulus
and Poisson's ratio, respectively, of the fiber, and Em, Gm,
and vm denote corresponding properties for the matrix.

The first set of data is for transversely isotropic filaments
where E/L, EfT, G/L, and vfL are Young's modulus parallel to
the fiber axis, Young's modulus in the radial direction of the
fiber, longitudinal shear modulus of the fiber, and the major
Poisson's ratio of the fiber, respectively. The data in set one
roughly corresponds to high modulus graphite-epoxy, while
the second and third sets roughly correspond to boron-epoxy
and S glass-epoxy, respectively. Ply properties are cal-
culated from the Halpin-Tsai micromechanics equations.11

These equations are empirical relationships based on exact
elasticity solutions and are reasonably accurate for fiber vol-
ume contents of 60% or less. All results presented in this
paper are based on 60% fiber volume content in each ply.
Off-axis properties are calculated from standard transforma-
tion equations.

Thermal Buckling

For the data in Eq. (22) the following thermal expansional
properties are assumed:

<rfL/<rm = -22 X 10~3, oifT/oim = 372 X 10~3 (23a)
af/am = 112 X ICr3 (23b)

af/am = 64 X 10-3 (23c)
where a denotes the linear coefficient of thermal expansion
with the subscripts having the same connotation as in Eqs.
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(22). The thermal expansion data for graphite fibers is based
on work reported by Doner and Novak.12 The other thermal
expansion data can be found in Ref. 13. Ply thermal ex-
pansion coefficients are calculated from the approximate mi-
cromechanical relations derived by Schapery.14 Halpin and
Pagano4 showed that Schapery's equations are also valid for
swelling strains. For off-axis orientations the thermal coeffi-
cients are calculated from the strain transformation equations.

It has been previously shown by Halpin and Pagano4 that
certain symmetric angle-ply orientations of highly anisotropic
materials produce a negative expansional strain relative to the
x axis (see Fig. 1). In particular, high values of EL/ET in
conjunction with lamination theory can produce negative ef-
fective expansional coefficients for a range of angle-ply orien-
tations. For example, Ref. 4 shows an experimentally mea-
sured decrease of 10% in a ±15° symmetric angle-ply fiber re-
inforced rubber laminate subjected to a swelling agent. For
this material EL/ET = 132. The exact value of EL/E^ above
which negative expansions can be demonstrated will depend on
€f/em. Such a phenomenon has technological significance as
it implies that composite laminates can be designed which have
a zero or very low expansional coefficient.

As shown in Ref. 4, the effective thermal expansion coeffi-
cients for boron-epoxy and glass-epoxy symmetric angle-ply
laminates are all positive. Because of the negative thermal
expansion coefficient of graphite fibers in the axial direction,
unidirectional graphite composites display a negative effec-
tive coefficient of thermal expansion relative to the fiber direc-
tion. This fact in conjunction with a relatively high value of
EL/ET yields a range of orientations for which graphite-epoxy
symmetric angle-ply laminates have a negative coefficient of
thermal expansion. From a practical standpoint, this means
that certain orientations of graphite-epoxy angle-ply plates
having inplane boundary constraints can be buckled by
lowering the temperature rather than raising it. This phe-
nomenon is illustrated in Fig. 1 where nondimensional buckling
temperatures are shown for various angle-ply orientations des-
ignated as 6 along the abscissa. The laminates are 4 layer
symmetric (stacking sequence of +0, — 0, —6, + 0) and are
subjected to a uniform temperature change. The edges at x
= 0, and x = a, are clamped and the adjacent edges at y = 0
and y = b are free. For orientations in which 0° < 6 < 17.5°,
the laminate has a negative coefficient of thermal expansion
relative to the x axis. Thus, in this region the temperature
must be decreased in order to induce thermal buckling. At an
orientation of 6 = 17.5° the effective thermal expansion coeffi-
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Fig. 2 Thermal buckling of 6 layer symmetric angle-ply
laminates.

Fig. 1 Thermal buckling of 4 layer symmetric graphite-
epoxy angle-ply laminates.

cient in the x direction vanishes and the plate cannot buckle
by either raising or lowering the temperature. For laminates
with 17.5° < 6 < 90°, the thermal expansion coefficient in the
x direction is positive and the laminate can buckle only by
raising the temperature. It should be pointed out, however,
that for most practical values of am and b/h, the critical buck-
ling temperature is far too low to be of any significance.
Thus, for orientations of 0° < 0 < 17.5° it is virtually impos-
sible to buckle the plate by either raising or lowering the tem-
perature.

A cursory examination of Fig. 1 reveals that the thermal ex-
pansion coefficient relative to the y axis is positive when the
expansion relative to the x axis is negative and vice versa.
Thus if such laminates were constrained along all four edges,
a temperature change would simultaneously induce both ten-
sion and compression in certain orientations. This combina-
tion would increase the thermal stability compared to lami-
nates having positive thermal expansion coefficients relative to
both the x and y axes. This conclusion is verified analytically
in Fig. 2 where a nondimensional buckling temperature is
shown for 6 layer symmetric angle-ply laminates (+6, — 0,
0°, 0°, —0, +0) under a uniform temperature increase. The
various angle-ply orientations 0 are plotted along the abscissa,
and the plate is simply-supported along all 4 edges. As antici-
pated, because of the negative value of a/z/am, the graphite-
epoxy composites have increased stability compared to boron-
epoxy and glass-epoxy laminates which display positive effec-
tive thermal expansion coefficients relative to the x and y axes
of the plate for all angle-ply orientations. Because of the low
coefficient of expansion of all the fibers considered, the fiber re-
inforced materials show increased stability compared to iso-
tropic aluminum for the plates under consideration. Analyti-
cal results show that the graphite-epoxy composites display a
negative expansion coefficient in the x direction for laminates
with 0° < 0 < 20°. As a result, a higher buckling mode
corresponding to a decrease in temperature exists in this re-
gion. As in the previous case (Fig. 1), however, these critical
temperatures are of little practical interest and are not shown
in Fig. 2.

Effect of Swelling

Consider composite laminates which are exposed to an in-
crease in relative humidity for a long enough period for equi-
librium to be obtained between the material and the environ-
ment. A polymeric matrix will absorb moisture and swell.
The amount of swelling depends on the degree of molecular
cross-linking in the polymer. In general, the fiber-matrix
bond is subject to attack in a moisture environment, resulting
in a decrease in composite mechanical properties. Considera-
tion in the present paper, however, is limited to the phenom-
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Fig. 3 Effect of matrix swelling on fundamental vibration
frequency of 6 layer symmetric angle-ply laminates, a/h =

100.

1.2

Fig. 4 Effect of matrix swelling on the maximum deflec-
tion of uniformly loaded (q = q0) graphite-epoxy laminates

a/h = 100.

enon of swelling. As a result, it is assumed that the matrix
alone is affected by the increase in humidity.

Matrix swelling produces a gross effect which is directly
analogous to thermal expansion. Thus inplane loads are in-
duced for plates with edge constraints. As a result, matrix
swelling reduces fundamental vibration frequencies and in-
creases deflections in plate subjected to lateral loads. This is
illustrated in both Figs. 3 and 4.

In Figure 3, fundamental vibration frequencies w are shown
in nondimensional form as a function of percent volume
change in the matrix AFm due to swelling, where

= [(1 (24)
and cm is the matrix expansional strain. The stacking se-
quence for these laminates is +45°, -45°, 0°, 0°, -45°,
+45°. The edges are all simply supported, and the aspect
ratio a/h = 100. In each of the laminates considered, an in-
crease in matrix swelling reduces the fundamental vibration
frequency. This is due to the fact that matrix swelling leads
to positive expansional strains relative to the x and y axes for
the laminates under consideration. As a result only com-
pressive inplane loads are induced. The value of A7m at
which co vanishes is the critical buckling strain. To illustrate
the importance of swelling, consider that epoxy resins, al-
though highly cross-linked, can undergo as much as a 2% vol-
ume change when immersed in water at room temperature for
a long period of time. Such a volume change is far more than
sufficient magnitude to buckle all of the laminates in Fig. 3.
Thus, it is obvious that long time exposure to an environment
of moderate change in humidity can significantly effect lami-
nate response. It should be pointed out that other resin sys-
tems, such as polyesters, which are not highly cross-linked are
also used with glass fibers. For such cases protection in a
moisture environment becomes extremely important if phe-
nomena such as "moisture buckling" is to be avoided.

The effect of matrix swelling on the bending deflection of
symmetric and unsymmetric 4 layer ±45° graphite-epoxy
laminates with a/b = 100 and subjected to a uniform trans-
verse load is illustrated in Fig. 4. Nondimensional maximum
deflections are presented as a function of percent volume
change of the matrix. The plate is simply supported along all
4 edges and as a consequence matrix swelling induces inplane
compressive loads. This results in an increase in bending de-
flections with an increase in AFTO up to the critical buckling
value at which point the deflection becomes unbounded.

The symmetric laminate stacking sequence is +45°, —45°,
—45°, +45°, and for the unsymmetric laminate +45°, —45°,
+45, —45°. A cursory examination of Fig. 4 reveals that
matrix swelling must be less than 1.25% if buckling is to be
prevented. Thus, as in the case of the fundamental vibration
frequencies, resin expansion in a humid environment can have
serious affects on the bending of composite laminates.

Conclusions

A procedure has been outlined to analyze the effect of en-
vironmentally induced strains on the elastic response of lay-
ered plates. A generalization of the Duhamel-Neumann form
of Hooke's law was used in conjunction with classical lami-
nated plate theory. Results showed that swelling strains can
be accounted for in essentially the same manner as thermal
strains.

Solutions have been obtained to specific boundary value
problems pertaining to the bending, vibrations, and buckling
of symmetric and unsymmetric laminates subjected to expan-
sional strains. Results showed that swelling can have consid-
erable effect on the mechanical response of composite ma-
terials. Thus, emphasis should be put on the effect of en-
vironment in the analysis and design of structures utilizing
laminated composites.
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Imperfection Sensitivity of Axially Compressed Stringer
Reinforced Cylindrical Panels under Internal Pressure

WENDELL B. STEPHENS*
Harvard University, Cambridge, Mass.

This paper is a study of the effects of longitudinal edge stiffness and internal pressure on the
buckling and initial postbuckling behavior of axially compressed long cylindrical panels. Two
methods of solution are presented. The first is a series solution where the torsional rigidity
of the edge stiffeners is not included and the second is a numerical solution where the tor-
sional rigidity of the edge stringers is included. The results show that both internal pres-
sure and the edge stiffener torsional rigidity tend to increase the panel buckling strength
and the panel insensitivity to initial imperfections.

An,Bn
an,bn
a, b

c
c0
D
E
e

F
F
/T(0) _p(D

Fff,Fp

fp(y)
K

G
J_ _ _
Mx,My,Mxy
Mx,My,Mxy

Nx,Ny,Nxy
Nx,Ny,Nxy

p
p

Nomenclature
coefficients defined in Eq. (35)
series coefficients used in Eqs. (29) and (30)
initial postbuckling coefficient defined in Eq.

(8)
{3(1 - „«)}!'»
arbitrary constant

= Young's modulus
= constant evolving from Stokes' transforma-

tion, seeEq. (31)
= stress function
= 2cF/(Et*), nondimensional stress function

= defined in Eqs. (3) and (5)

= defined in Eqs. (44) and (19), respectively
= initial postbuckling parameter defined in Eq.

(13)
= shear modulus of the stiffener
= torsional constant for the stiffener
= bending stress resultants
= (R/2cEt*)(Mx,My,Mxy), nondimensional bend-

ing stress resultants
= membrane_stress _resultant
= R/(Et*)'(Nx,NyjNxy), nondimensional mem-

brane stress resultants
= applied internal pressure
= pR*c/(EP)

qo _______ = (2c#/01/2
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R = cylindrical panel radius
S = series summation defined in Eq. (40)
t_ _ = shell thickness
U,V,W = displacements defined in Fig. 1
U,V = qo/t( U, V), nondimensional displacements
W — W/t, nondimensional displacement

Wff,Wp = defined in Eqs. (3-5)
w,wa,wp = defined in Eqs. (19-43)
%,y — Cartesian coordinates, see Fig. 1
x = xqo/R, nondimensional axial distance
y — y<lo/R> nondimensional circumferential dis-

tance
a = amplitude of F(1>, defined by Eq. (15)
/S0 = angle in radians between adjacent stiffeners
7 = qQGJ/(DR), torsional rigidity parameter
5 = amplitude of buckling displacement, see Eq.(3).5 = amplitude of a small geometrical imperfection
A0,An = determinants defined by Eqs. (39) and (35),

respectively
0 = go^o/ (2 TT), flatness parameter
0cr = value of B(p, 7) when 6 = 0
A = load parameter defined in Eq. (3)
X = ratio of the wavelength in the y direction to

the wavelength in the x direction
v = Poisson's ratio
a = applied axial compressive stress
a- = aRc/(Et), nondimensional axial compressive

stress
o-cr = minimum eigenvalue as a function of X or

critical buckling load
vs = critical buckling load for an imperfect struc-

ture defined in Fig. 2

1. Introduction

IN Ref. 1, the buckling and initial postbuckling behavior
of an axially compressed narrow cylindrical panel is

presented. Such panels occur in longitudinally stiffened


